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VARIATIONAL PRINCIPLES OF THE FILTRATION
OF AN INCOMPRESSIBLE FLUID IN MEDIA
WITH DUAL POROSITYt
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Dual variational principles for the steady single-phase and two-phase filtration of an incompressible
fluid in media with dual porosity are constructed. By a medium with dual porosity, we mean two media,
which are embedded in one another, with different porosities and permeabilities and which are coupled
by a fluid crossflow [1]. The principle of minimum energy dissipation [2, 3], which is also used to close
the equations and to find the structure of generalized forces, is the basis for constructing the variational
principles. These principles enable one to determine the pressure fields, crossflows and filtration rates
in the media. For steady single-phase filtration, the variational principles completely define the solution
of the problem while, in the case of two-phase filtration, they hold for fixed saturations.

1. WE sHALL construct variational principles in the case of steady single-phase filtration and
write the continuity equations in the media fand p as

divqe=0Q, divqg,=-Q 11)

where q, and q, are the rates of filtration of the fluid Q is the crossflow of the fluid from
medium p into medium f. Since the energy dissipation is governed by the filtration of the fluid
in media f and p and by the crossflow between the media, the dissipative potential has the form
¥ =¥(q,, q,, Q). In the special case, ‘¥(q;, q,, Q)= ¥,(q,)+¥,(q,) + ¥,(Q).

Here, ¥,,'¥, and ¥, are the dissipative potentials which characterize the energy dissipation
due to filtration in the media and due to the crossflow between the media, respectively. The
dissipative mechanisms defined by the potentials ¥, ¥, and ¥, are assumed to be indepen-
dent [4]. We shall subsequently assume that the functionals ¥, ¥,, ¥, and ¥, are convex and
smooth. It follows from the principle of minimum energy dissipation in the case of steady-state
processes [2, 3], that a minimum of the functional

1(qy, qp, Q) =£ ¥ (qr,qp, Q)d Q2 1.2)

is attained in the real field of the variables q,, q, and Q. Here, the required variables must
satisfy the boundary conditions and the equations of continuity (1.1).

Let us calculate the variation of the functional (1.2). This variation must be equal to zero at
the point (q; g, Q). On introducing the Lagrange multipliers A, and A,, in order to take
account of the constraints (1.1), we write

S5, =6 [I(qr,qp, Q)+ S A (divgr-Q)d Q2+ [ Ap (divg, +Q)d Q| (1.3)
Q 1Y)
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After some reduction we obtain
§I= [ [(QY/0qnu-N)8an+(@¥/3qp-2p )8 ap: +
Q

+(@W/AQ-A+2)8 Q+(divge—Q)EArt
+(divg, + Q)0 N1 dQ +[ A gpmdT+[ N, 8qpndl (1.4)
r r

where g, and g, are the normal components of the velocities q, and q, on the boundary T,
where I the boundary of the domain of the solution of the problem Q.
It follows from the equality

§I,=0 (1.5)

that the coefficients A, and A, are equal to the pressures p, and p,, taken with the opposite
sign, and that the system of equations (1.1) holds and

dV/0qn=-psri, OV¥/04qp;=-Pp; 3V/0Q=pp—ps (1.6)

where the first two equations are the laws of filtration while the third is the equation for the
crossflow. Relationships (1.6) define the structure of the generalized forces X, =-Vp,, X,=
-Vp,, X,=p,-p,. The normal rate of filtration or the equality of the pressure to zero must be
specified on the boundary T" for each medium f and p.

It is seen from (1.4) that, in order to take account of boundary conditions of the form

9 =qps 9pn=dpm &t T, p,=p;, p,=p,at T, 1.7
it is necessary to minimize the functional

Il (‘lf;’lp: Q)=s{\ll(qf)qp, Q)dQ+IIO,110 =f(P;‘Ifn +p; qpn)dr (18)
Tp

instead of the functional (1.2).

We shall consider the boundary conditions in greater detail in Sec. 2. Here we merely note
that the division of the boundary I'=T, +T, into the parts I, and I, for each medium may be
made in various ways. Hence, the variational principle

inf I @5, 9, Q) (19)
a5 9p. 2€(1.1), (1,7)

is equivalent to satisfying the system of equations (1.1) and (1.6) and the boundary conditions
1.7).

On applying methods of duality [S5], we obtain that the problem which is dual to the
variational problem (1.9) is

sup [~L2(py, pp)) (1.10)
pPrPp<.7)
that is
inf Il (qu qp! Q) = sup [_12 (pfv pp)]
a7 9p, Q€ (1.1),(1.7) pr.PpEW.T)
where

L (prpp) = @ (Vs VPp, Do) d QL+ 110, o= f (q,",, pr+ q;,, pp)drT,
Q rq
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and ®(Vp,, vp,, p,—p,) is the conjugate dissipative potential related to ¥(q,, q,, Q) by a
Young-Fenhel [S] transform.
Equations (1.6) for problem (1.10) have the form

qn=-3%/0psry, qpi=-3P/0pp: Q=0 ®/3 (pp—py)

A further six variational problems, which are equivalent to the solution of the system (1.1),
(1.6), (1.7) are defined by changing from problem (1.9) to the dual problem in one or two
variables. Assuming, for clarity, that the dissipative mechanisms are uncoupled, we will write
the following characteristic variational problems

inf sup I3 (q5 pp, @), inf  sup  Is (qf Pp, Py)
9 Q€ (1.1).(1.7) ppE.T) 9r  PiPpE(LT)

where
I3 9 Pp, @) = [ (¥ (qp) —Pp (VPp) + Vo (Q-Qppl dQ +1s0
Q
Iio=J P;an ar-f q;n ppdT
r g

P
I (97, Pp, P) = | [Wy(ap) —Pp (VDp) — ®p (Pp—Pp) +ar Vgl dQ-110
Q

The variable Q can be eliminated in the variational problems. Problems for the functionals
I, and I, using the constraint

divgr +divg, =0 (1.11)

can then be respectively written in the form

inf 1145 qp), inf  sup  13(dp p,)
975 9p< (1.7),(1.11) qrE(L.7) ppE(.T)

where
195, 9p) = f [Wp(qp) + ¥, (qp) + Vg (divgy)] dQ+1,
Q

I3(dp. pp) = § [¥r ()P, (VPp) + ¥ (divap) — pp divas] dQ +150
Q

2. We will now construct the variational principles of two-phase filtration and write the
equations of continuity in medium f, in medium p, the relation between the pressures in the
phases and the expression for the derivative of the entropy

~divqpy =mypsp—Qy, —divap =-—mese—0, @1
—divgpy =mpsp ,+Q1, —divgpy=-mys, ,+ 0, 22)
Pr1—Pr2 = Dfe (sf)a Pp1~Pp2 = Ppe (sp) (23)

o0=XY = X;Y, +... + XY,

Here m, and m, are the porosities, Q, and Q, are the crossflows of the first and second
phases from medium p into medium f, s; and s, are the saturations of the first phase,
X=(X,,..., X,) are generalized forces, Y=(Y,, ..., Y) are generalized velocities; Y, =qp,
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Y, =qpn Ys=q,, Y,~q, Y.=0, Y;=0;X,=-Vp,, X,=-Vp,,, X,=-Vp,,, X,=-Vp,,
X;=p,—Pn, X¢=D,,— Py, Within the framework of the hypothesis of normal dissipation
[4, 6], a dissipation potential W(Y), exists, that is, a convex characteristic functional which is
semicontinuous from below such that

X€a ¥ (Y) (2.4)

where X is the subgradient of the functional W(Y) at the point Y. The inverse relationship
6,71

Y€ (X) 25)

follows from (2.4), where @&(X) is the conjugate dissipation potential. Any of the relationships
(2.4), (2.5) closes the system of equations (2.1)—(2.3).

The following assertions are equivalent [6, 7]: (1) X" eM¥(Y’), (2) ¥(Y)-XY attains a
minimum with respect to Y at the point Y=Y’, (3) Y’ edd(X’), and (4) J(X)-XY’ attains a
minimum with respect to X at the point X=X’. They are the basis for constructing the
variational principles.

We shall henceforth assume the functionals ¥(Y), ®(X) to be smooth

X = grad ¥ (Y), Y=grad ®(X) (2.6)

Let us write the system of equations (2.1)-(2.3), (2.6) in the form
Qe =—0®/0Vpy or ~Vps =0 V/0 qp
qpk=~a<I>/BVppk or —Vppk=a\ll/aqpk

QO =03 /0 (Ppx—Drx) Of Ppx—Pr=0V¥/0 0, k=1,2 27)
Pr1—Pr2 =Pfe (Sf), Pp1—Pp2 = Ppc (8p), divgr=0, divgy,=-0Q (2.3)
~div qpy =mypsp—Qy OF  —div gy = —myp 57— 0 (2.9)

~divqpy =mp sp c+Qy Of —divqyy =-—mpsp ¢+ Q2
Q=01 +Q2, 4=ds1 *4r2, 9p =p1 *4p2)

We will now construct a variational principle in the generalized velocities. It is seen from
assertions (1)—(4) that, in the case of a process (X°, Y°) which actually occurs in the domain Q,
the value of Y°, which corresponds to X°, is determined from the solution of the problem

inf B, (Y) = inf  [¥ (Y)-X"Y] d & (2.10)
Y Y @

which is equivalent to satisfying the governing relationships (2.7) and corresponds to the
principle of minimum energy dissipation [2, 3] in general form. We will use variational
problem (2.10) to construct a variational principle in which it should be sufficient to use
boundary values of the quantity X" instead of a knowledge of X' in the whole domain Q to
find Y. Let us transform the integral [, X'Y dQ, using the expressions for the pressures

pr=lrp1y+ (1-lp) Pas, Pp =lp P1p +(1-Ip) P2p

where I, can be equated to zero, unity, the saturation s, or the Backley-Leverett function, and
likewise in the case of [,. As a result, we obtain the functional

L )= f [P+ 9[(-1)pr) 4 + Y (1) Ppe) 41~
Q

- V(prfc) Qrz—V (Ip ppc) %Z—Ql ((1“ p) ppc"‘(l—lf) pfc) +



Variational principles of the filtration of an incompressible fluid 79

+ Q2 (Ip ppc_lfpfc)l dQd+1, (211)

Evaluating the minimum of functional (2.11), subject to constraints corresponding to the last
two relationships in (2.8) and

4fn =dp,. dpn =4, onTg (2.12)

is equivalent to solving the system of equations (2.7), (2.8) with boundary conditions (2.12) and
pr=p, Pp=p, onT, (2.13)
Similarly, from the problem

inf B, (X) = inf [ [® (X)-XY’| dQ (2.14)
X X

we construct the variational principle in the pressures

inf I, (ps,pp) = inf [f®X)dQ+14] (2.15)
pfPpE(2.13) pr. ppE (2.13)
The equality
inf L (Y)= sup (12 (o7, Pp)]
YE(2.8),(2.12) Pf, ppE(2.13)

holds.
Problem (2.15) is dual to the problem

inf I (Y) (2.16)
YE(2.8), (2.12)

with respect to all of the variables Y,, ..., Y,. On passing from problem (2.16) to the dual
problem with respect to the different groups of variables Y,, ..., Y. we obtain a whole set of
dual variational problems.

In the case of linear laws of filtration (d’Arcy’s laws) and linear laws for the crossflows

Uk = —(ge) i () VPres Qpie = —(Kp/tixe) Fpx (5p) V Ppic
Ok = bx Ppx—ppx) tcx, k=1,2

which corresponds to quadratic functionals ¥,, ¥, and ¥,, problem (2.16) reduces to the form

inf 1, (g5, 9,0) 2.17)
a5, qp, 0S(2.8),(2.12)

where

1, (qr, qp, Q)=£ Wr(qp) + ¥ (qp) + Vo (@) dQ +110
kf‘;; o tar I* + [Fy (sp) V bre-V (e ore)]
Yo (Q)=(by +b2)7' (Q%/2 — [by (1-1p) Ppe—(1-Ip) Ppc) +
+b, (prfc_ P ppc) + (cl + Cz)l 0)
or (p) =Sr1 (5p) + (i /12) fr2 (5p), Fr (sp) =Tp1 G5y (sp)
b = bi (1, 5p), ¢k = cx (S5, 5p)

1
) 73 (‘lf) = 5
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k, and k, are the absolute permeabilities, 4, and u, are the viscosities and f,(s,), f,.(s,)
(k=1, 2) are the relative phase permeabilities. The expressions for ¥(q,), ¢,(s,) and F,(s,)
have an analogous form.

The variational principle (2.17) is equivalent to solving a system of equations which has the
form of (1.1), (1.6) with boundary conditions (1.7). Hence, all the dual variational principles
have a form which is similar to the variational principles of steady single-phase filtration.

The variational principles which have been obtained enable us to determine the velocity
fields of the filtration and the crossflows, and the pressures at fixed saturations. Equations (2.9)
serve to take account of the change in s, and s,.

No knowledge of the boundary conditions, which are necessary for solving the problem, is
required when deriving the variational principles. The combinations of the required variables,
specified on the boundary, for which a solution of the problem exists, are established from an
analysis of the boundary integrals in the variational principles which are obtained by trans-
forming the initial variational problems (2.1) and (2.14).

As an example the integral I,, in variational principle (2.15), which is obtained from problem (2.14)
ignoring the boundary conditions, must be taken over the entire boundary T that corresponds to the
boundary conditions q, I.=q}, and q,,|.=q;, being satisfied. When account is taken of the boundary
conditions (2.12) and (2.13), the integral I,, must be taken over the part of the boundary T, and the
variables p, and p, satisfy condition (2.13), which is seen from the representation

[ Qg pr+ Qonpp)d T =
r (2.18)
=| @y Pr+a,,Pp)dT+ | @p, Pp+ay,pp)dT

Tq Tp

The integral with respect to T, in (2.18) is omitted as a constant quantity. When the equality
p; = p,=p on T, holds, it is sufficient, when obtaining the solution, to specify the normal component of
the velocity q=q,+q,

Lo=J Q;Pdr'
Tq

When p,=p,=p=const on T, the specification of the flow rate G on T, is sufficient for obtaining
the solution

I, =pG

where p is a quantity which is unknown though constant on T,.

The author thanks A. I. Nikiforov for discussing the paper.
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